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We investigate the quantum dynamics of two identical bosons in a one-dimensional harmonic trap
following an interaction quench from zero to infinite interaction strength and vice versa. For both
quench scenarios, closed analytical expressions for the temporal evolution of the wave function as
well as the Loschmidt Echo are found and the dynamics of the momentum distribution as well as
the reduced single-particle density matrix are analyzed. We observe a crossover of these quantities
between bosonic, "symmetrized" fermionic and fermionic properties. Furthermore, several combined
quenches are analyzed as well.
I. INTRODUCTION
The non-equilibrium quantum dynamics of ultracold
bosonic systems has become a field of intense research
over the past two decades [1–3]. Most theoretical works
on ultra-cold bosonic ensembles are of numerical nature,
since exactly solvable models are rare. However, if an
analytical solution is found, it can help to gain intuition
and a deeper understanding of the temporal evolution
of the underlying quantum system, to validate numeri-
cal simulations as well as sophisticated approximations.
Also analytic result can be used as a starting point for
numerical methods as well as perturbative treatments.
When analytically approaching many-body systems,
one of the main challenges is to handle the inter-particle
interaction potential properly. If the inter-particle dis-
tance is much larger than the interaction range, the in-
teraction potential can be approximated by a two-particle
contact interaction [4, 5]. Among the systems solved
analytically within this approximation are bosonic en-
sembles in one spatial dimension with periodic bound-
ary conditions [6, 7], or two bosons trapped in isotropic
or anisotropic harmonic potentials [8–10]. Furthermore,
for one-dimensional problems, exact solutions can be ob-
tained in the unitary regime or Tonks-Girardeau via the
application of the Fermi-Bose mapping [11, 12], i.e., the
Jordan-Wigner transformation, which links impenetrable
bosons to non-interacting fermions.
Experimentally, the Tonks-Girardeau regime can be
achieved by modifying the transversal trap frequencies
[13] or by exploiting Feshbach resonances [14]. With
the possibility of experimentally tuning the interaction
strength to very high values, the strongly interacting
bosonic regime is of current interest [15] and the corre-
sponding density distribution [16], the momentum distri-
bution [17], correlations [18], collective modes [19], trans-
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port properties [20] as well as fluctuations [21] of Tonks-
Girardeau gases have been studied. Theoretical investi-
gations regard the strong interacting regimes include the
tunneling dynamics [22, 23], ground-state fragmentation
[24, 25], or quench dynamics from the non-interacting
to the unitary regime for different trap geometries and
dimensions [26–28]. Here, properties such as the density-
density correlation function [29, 30], breathing oscilla-
tions [31], momentum distribution dynamics [32], or the
quantum entanglement between two bosons have been
studied [33–36].
In this work, we analytically derive a closed expression
for the time-dependent wave function (and its Loschmidt
Echo) of two interacting bosons in a one-dimensional har-
monic trap for both an interaction quench from zero to
infinity and vice versa, i.e., from infinity to zero. As ini-
tial states, we choose various eigenstates of the initial
Hamiltonian. For the evolution of the respective ground
states, we calculate the time evolution of the reduced
single-particle density matrices as well as the momentum
distributions. Furthermore, we discuss multiple quench
scenarios, where we consecutively quench the interaction
strength from zero to infinity and then back to zero as
well as from infinity to zero and back to infinity.
This work is structured as follows: In section II, we
give a brief sketch of the upcoming calculations and re-
view the eigenvalues and eigenfunctions of both the non-
interacting and the infinitely-strong interacting Hamil-
tonians. In section III, we study the dynamics of the
interaction quench from zero to infinity, and in section
IV, the reversed quench (from infinity to zero) is ana-
lyzed and a mathematical connection between these two
quench scenarios is shown. For both quench scenarios
and the respective ground states as the initial state, we
derive a closed expression for the temporal evolution of
the wave function. Using the previous results, we study
different combinations of those two interactions quenches
in section V. Finally, a conclusion of our findings is given
in section VI.
2II. HAMILTONIAN AND ITS
EIGENFUNCTIONS
In this section, we set the necessary theoretical ground-
work in order to perform interaction quenches of two
identical bosons between the non-interacting and the
Tonks-Girardeau regime. First, we describe the setup
by writing down the underlying Hamiltonians for both
regimes and review the corresponding eigenfunctions and
eigenvalues. Second, we give the definitions of the re-
duced single-particle density matrix (SDM) as well as
the momentum distribution and calculate them for the
ground states in the respective regimes. Last, the frame-
work for calculating the temporal evolution of a wave
function is sketched, and we define the fidelity as well as
the Loschmidt echo, quantities used to characterize the
dynamics.
A. Stationary solution
Our setup consists of two identical bosons at posi-
tions z1 and z2 in a one-dimensional, harmonic poten-
tial which interact via a δ-potential with interaction
strength κ. The Hamiltonian in harmonic oscillator units
(m = ~ = ω = 1) reads
Hˆκ = −1
2
(∂21 + ∂
2
2) +
1
2
(z21 + z
2
2) +
√
2κδ(z1 − z2),
where we have added the factor
√
2 for convenience. The
Hamiltonian can be separated into scaled center-of-mass
(CM) and relative (rel) coordinates, Z = (z1 + z2)/
√
2
and z = (z1 − z2)/
√
2, respectively:
Hˆκ = −1
2
∂2Z +
1
2
Z2︸ ︷︷ ︸
HˆCM
−1
2
∂2z +
1
2
z2 + κδ(z)︸ ︷︷ ︸
Hˆκrel
.
The CM coordinate is not affected by the interaction po-
tential, and we label the solution of the CM-Hamiltonian
by χn(Z), which are harmonic oscillator functions. Thus,
we have to deal only with the relative Hamiltonian, which
is an effective single-particle problem of one particle in a
harmonic trap with a delta-potential at the origin.
For the non-interacting case κ = 0, the relative Hamil-
tonian eigenfunctions are simply those of a harmonic os-
cillator,
ψn(z) = bnHn(z)e
− z
2
2 ,
bn =
1
π
1
4
√
2nn!
, (1)
where Hn are the physicist’s Hermite polynomials with
n ∈ N0. The corresponding energy-eigenvalues are given
by En = n +
1
2 . Since the particle exchange symmetry
is reflected in the parity symmetry of the relative wave
functions, we call quantities based on the wave functions
ψ2n(z) bosonic
1.
For infinitely strong repulsive interaction κ = ∞, we
obtain for the relative Hamiltonian eigenfunctions [37]:
φ2n(z) = ψ2n+1(|z|),
φ2n+1(z) = ψ2n+1(z)
with doubly-degenerate energy eigenvalues ǫ2n =
ǫ2n+1 = E2n+1. We refer to properties resulting from the
wave functions φ2n+1(z) as fermionic and from φ2n(z) as
symmetrized fermionic, since the φ2n(z) have the proba-
bility density of the fermionic wave functions but bosonic
symmetry.
B. Density matrix and momentum distribution
For an arbitrary two-particle wave function Ξ(z1, z2),
the reduced single-particle density matrix (SDM)
ρ(z1, z
′
1), which characterize the coherence between z1
and z′1, is defined by
ρ(z1, z
′
1) :=
∫ ∞
−∞
Ξ(z1, z2)Ξ
∗(z′1, z2) dz2, (2)
from which the reduced single-particle density is given
as the diagonal ρ(z1) := ρ(z1, z1). The SDM can be
decomposed into eigenvectors (natural orbitals) βi,
ρ(z1, z
′
1) =
∑
i
λiβi(z1)β
∗
i (z
′
1),
with the positive eigenvalues (natural populations) λi.
From the SDM, we can obtain the momentum distribu-
tion n(k) via
n(k) :=
1
2π
∫ ∞
−∞
∫ ∞
−∞
ρ(z1, z
′
1)e
−ik(z1−z
′
1) dz1 dz
′
1, (3)
or better numerically accessible, via the Fourier trans-
form β˜i(k) of the natural orbitals
n(k) =
∑
i
λi|β˜i(k)|2.
The SDMs and the momentum distributions based on
the bosonic (b) and fermionic (f) relative Hamiltonian
ground states ψ0 and φ1, respectively, can be easily cal-
culated [assuming χ0(Z) for the CM motion]:
ρb(z1, z
′
1) =
1√
π
e−
1
2 (z
2
1+z
′2
1 ),
ρf (z1, z
′
1) =
1 + 2z1z
′
1
2
√
π
e−
1
2 (z
2
1+z
′2
1 )
1 Recalling the relation Hn(−z) = (−1)nHn(z)
3from which we obtain the normalized momentum distri-
butions:
nb(k) =
1√
π
e−k
2
,
nf (k) =
1 + 2k2
2
√
π
e−k
2
.
The case of the symmetrized fermionic (sf) ground state,
φ0(z) = ψ1(|z|), is more challenging. In order to calculate
the SDM, we split the integral up assuming z′1 > z1 and
keep generality by including the sign of z′1 − z1 in front
of the integral2
ρsf (z1, z
′
1)
=
e−
1
2 (z
2
1+z
′2
1 )
π
∫ ∞
−∞
|z1 − z2||z′1 − z2|e−
z21
2 −
z′21
2 −z
2
2 dz2
=
e−
1
2 (z
2
1+z
′2
1 )
π
∫ ∞
−∞
(z1 − z2)(z′1 − z2)e−z
2
2 dz2
− 2e
− 12 (z
2
1+z
′2
1 )
π
sgn(z′1 − z1)
∫ z′1
z1
(z1 − z2)(z′1 − z2)e−z
2
2 dz2
= ρf (z1, z
′
1) +
e−
z21
2 −
z′21
2
π
sgn(z′1 − z1)(
z′1e
−z21 − z1e−z
′2
1 +
√
π
(
z1z
′
1 +
1
2
)
(erf(z1)− erf(z′1))
)
.
Its momentum distribution nsf (k) has to be determined
numerically (see Sec. III).
C. Temporal evolution and fidelity
Here, we give a quick reminder how the temporal evolu-
tion of a general, initial wave function |Ψ(t0)〉 can be ob-
tained when the complete set of stationary eigenfunctions
|ξ〉 with eigenvalues Eξ of the Hamiltonian Hˆ is known.
Invoking the Schrödinger equation i∂t|Ψ(t)〉 = Hˆ |Ψ(t)〉,
we can make the ansatz
|Ψ(t)〉 = e−iHˆ(t−t0)|Ψ(t0)〉 =
∞∑
ξ=0
e−iEξ(t−t0)|ξ〉〈ξ|Ψ(t0)〉,
(4)
In this manner, the solution of the Schrödinger equation
can be reduced to the calculation of the overlap integrals
〈ξ|Ψ(t0)〉 and a summation of all eigenfunctions weighted
by the overlap integrals with a time-dependent phase fac-
tor.
The sensitivity of the temporal evolution of an ini-
tial state to perturbations can be judged by the over-
lap between the initial state and its temporal evolution,
2 We choose the error function’s definition with the pre-factor
2/
√
pi, i.e. erf(z) := 2√
pi
∫ z
0 e
−x2 dx
the auto-correlation L(t) := 〈Ψ(t0)|Ψ(t)〉, which is re-
lated to the Loschmidt echo L(t) via L(t) := |L(t)|2
and to the fidelity between the two wave functions via
F (|Ψ(t0)〉, |Ψ(t)〉) := |L(t)|. The initial wave function is
completely recovered for L(t) = 1. However, if L(t) = 0,
then the time evolved state becomes orthogonal to the
initial state.
III. INTERACTION QUENCH FROM ZERO TO
INFINITY
In the first part of this section, we perform an inter-
action quench (at t0 = 0) from zero to infinity, κ = 0 →
∞, of various, initial eigenstates of the non-interacting
regime. We analytically derive the temporal evolution
of these initial states as well as the overlap between the
time-evolved and initial states. In the second part, we
focus on the time evolution of the ground state for which
we derive a simple closed expression, and study its SDM
as well as its momentum distribution.
A. Quench of arbitrary eigenstates
Following Eq. (4), we solve the Schrödinger equa-
tion Hˆκ=∞rel |Ψm(t)〉 = i∂t|Ψm(t)〉 with initial con-
ditions |Ψm(t = 0)〉 = |ψ2m〉 3 such that the
time evolution of the wave function reads |Ψm(t)〉 =∑
n=0 exp(−iǫ2n)cmn|φ2n〉. Therefore, we need to calcu-
late the overlap coefficients cmn ≡ 〈φ2n|ψ2m〉4 between
the symmetrized fermionic and the bosonic wave func-
tions, given by the integral:
cmn =2b2mb2n+1
∫ ∞
0
e−z
2
H2m(z)H2n+1(|z|) dz︸ ︷︷ ︸
=:Imn
In order to solve the integral Imn, we explicitly write out
the product of the Hermite polynomials,5
H2n+1(z)H2m(z) =
n∑
k=0
m∑
l=0
(−1)n+m−l−k(2m)!(2n+ 1)!
(2k + 1)!(2l)!(n− k)!(m− l)! (2x)
2k+2l+1,
and interchange sum and integral. Then, we use∫∞
0
(2x)2k+2l+1e−x
2
dx = 22k+2l+1(k + l)!/2. Putting ev-
erything together, we obtain for Imn after some tedious
3 Since the odd eigenstates ψ2m+1 are eigenfunctions in both
regimes they lead to a trivial temporal evolution and are ne-
glected in the following discussion.
4 Mind that 〈φ2n+1|ψ2m〉=0
5 using Hn(z) = n!
∑⌊n
2
⌋
m=0
(−1)m(2z)n−2m
m!(n−2m)!
4algebra
Imn =
n∑
k=0
m∑
l=0
(−1)n+m−l−k(2m)!(2n+ 1)!22k+2l
(2k + 1)!(2l)!(n− k)!(m− l)! (k + l)!
=
(−2)m+n(2m− 1)!!(2n+ 1)!!
(2n+ 1− 2m) (5)
Inserting the normalization factors bn from Eq. (1), the
overlap coefficients are given by:
cmn =
√
2
π
(−1)m+n (2m− 1)!!(2n+ 1)!!√
(2m)!(2n+ 1)!(2n+ 1− 2m) , (6)
and the time-dependent wave function reads
Ψm(z, t) =
√
2
π
3
4
e−
i
2 t−
z2
2
(−1)m(2m− 1)!!√
(2m)!︸ ︷︷ ︸
=:fm(z,t)
·
∞∑
n=0
(
e−it√
2
)2n+1
(−1)n(2n− 1)!!H2n+1(|z|)
(2n)!(2n+ 1− 2m) , (7)
where we have introduced the function fm(z, t) for con-
venience, since it will appear again later on.
Some general remarks on the wave functions Ψm(z, t)
are in order:
(i) The energy expectation value 〈ψ2m|Hˆκ=∞rel |ψ2m〉 =∑∞
n=0 c
2
mnǫ2n is divergent. This follows from the fact
that the c2mn show an asymptotic decay proportional to
n−3/2, which we prove in the following. The factors rn :=
(2n+ 1)!!2/(2n+ 1)!, which are part of c2mn, obey the
recurrence relation for large n
rn+1
rn
=
1 + 32n
1 + 1n
≈ 1 + 1
2n
≈
√
n+ 1
n
(8)
and thus rn grows as ∝
√
n for large values of n. On
the other hand, the square of the remaining factor in Eq.
(6), namely 1/(2n+ 1− 2m)2, falls off as n−2 for large
n, and in total, we get the n−3/2 scaling. Including the
scaling of the energy ǫ2n, which grows linearly in n, the
energy expectation value diverges. This can be under-
stood from a physical point of view: None of the initial
states ψ2m(z) vanishes at z = 0, so they all experience
the infinite repulsive interaction of the delta-potential in
the TG-regime which causes them to immediately gain
infinite energy following the quench. Since the energy ex-
pectation value is conserved during time-evolution and all
the TG-eigenstates φn(z) and importantly φ2n(z) vanish
at z = 0 (they have no interaction energy), the infinite
energy consists of kinetic and potential energy only. (ii)
The time evolution of the initial state ψ2m(z) is mainly
determined by those TG eigenstates, which minimize the
denominator of the series in Eq. (7), i.e. φ2n−2(z) and
φ2n(z). Obviously, the evolution of the initial ground
state |ψ0〉 has only one main contribution which is the
TG ground-state φ0(z) and therefore behaves differently
from the excited states.
t
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Figure 1. Fidelity between the initial state |Ψm(0)〉 = |ψm〉
and its temporal evolution |Ψm(t)〉, |Lm(t)| = 〈Ψm(0)|Ψm(t)〉
for m = {0, 1, 2, 8, 12}.
(iii) Knowing the time evolution of the eigenstates, the
time evolution of arbitrary wave functions can be de-
termined by expanding it into a superposition of these
eigenstates.
Next, the non-trivial dynamics of the wave function
can be analyzed by measuring the overlap between the
initial state and the evolved state:
Lm(t) := 〈ψ2m|Ψm(t)〉 =
∞∑
n=0
e−i(2n+
3
2 )tc2mn
=
2
π
e−
3
2 it
(2m− 1)!!2
(2m)!
∞∑
n=0
(
e−it
)2n (2n+ 1)!!(2n− 1)!!
(2n)!(2n+ 1− 2m)2 ,
where we have inserted the coefficients from Eq. (6). Hav-
ing a closer look at each summand, one can show via
complete induction that
(2n+ 1)!!(2n− 1)!!
(2n)!4(n+ 12 −m)2
=
Γ
(
3
2 + n
)
Γ
(
3
2
)
n!
Γ2
(
1
2 −m+ n
)
4Γ2
(
3
2 −m+ n
) .
This allows us to express the series Lm(t) in terms of the
generalized hypergeometric functions6, which reads
Lm(t) =
2
π
e−
3
2 it
(2m− 1)!!2
(2m)!(2m− 1)2
3F2
(
3
2
,
1
2
−m, 1
2
−m; 3
2
−m, 3
2
−m, e−2it
)
.
This expression can be simplified for m = 0 by using the
6
pFq(a1, . . . , ap; b1, . . . , bq ; z) :=
∑∞
n=0
(a1)n···(ap)n
(b1)n···(bq)n
zn
n!
, with the
Pochhammer symbols (x)n := Γ(x+ n)/Γ(x)
5Maclaurin series of the inverse sine. We get
L0(t) = e
− i2 t
2
π
∞∑
n=0
1
22n
(2n)!
(n!)2
(
e−it
)2n+1
2n+ 1
= e−
i
2 t
2
π
arcsin(e−it). (9)
In figure 1, |Lm(t)| (i.e. the fidelity F ) is shown. We
observe a clear difference between the evolution of the
ground state fidelity and that for excited states. This
difference has its origin in the comment provided above,
see (ii). All excited states have almost vanishing overlap
for a half oscillation period, t = π/2, and therefore are
almost orthogonal to the initial state, in sharp contrast
to the ground-state. Other than that, the overlaps do
not show any additional changes for higher m (the lines
for m = 8 and m = 12 lie almost on top of each other).
With rising m, we observe that the overlaps approach a
linear behavior as one can see from the Fig. 1, due to the
hypergeometric function 3F2.
B. Analysis of the ground state evolution
We now take a closer look at the time evolution of the
ground-state Ψ0(z, t). For m = 0, the sum in Eq. (7) can
be evaluated explicitly (see appendix A), yielding
Ψ0(z, t) = π
− 14 e−
i
2 te−
z2
2 erf (|z|g(t)) . (10)
with g(t) = e−it/
√
1− e−2it. This wave function has the
obvious spatial inversion symmetry Ψ0(z, t) = Ψ0(−z, t)
as well as the temporal periodicity Ψ0(z, t) = Ψ0(z, t+π)
and is symmetric around the time instant t = π/2,
|Ψ0(z, π/2 + t)|2 = |Ψ0(z, π/2 − t)|2.7 Since the wave
function Ψ0(z, t) represents an infinite superposition of
functions that vanish at the origin [see Eq. (7) form = 0],
however, the initial wave function ψ0 is finite at z = 0, at-
tention must be paid performing the limit z → 0. Taking
the limit t→ 0 first, however, leads to the correct initial
condition, ψ0. A further discussion of the limits z → 0
and t→ 0 is given in the appendix A. The time evolution
of the probability density is shown in figure 2 and gives
more insight in these characteristics: At t = 0.0001 and
for relative distances |z| > 1, the density almost perfectly
coincides with the initial density |ψ0(z)|2, corresponding
to the bosonic ground state. However, close to the origin,
heavy oscillations can be observed due to the fact that
at z = 0 the wave function Ψm(z, t) does not converge to
the initial condition (for all times t). The reason herefore
is that we have quenched the boundary conditions for the
Hamiltonian at z = 0. This is, to some extent, reminis-
cent of the Gibbs phenomenon in the context of Fourier
7 The latter can be seen more easily from Eq. (7). We remark that
these properties are shared by all Ψm(z, t).
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Figure 2. Probability density of the temporal evolution
of the ground state |Ψ0(z, t)|2 at the time instants t =
{0.0001, 0.1, 0.4, pi/2}. Also plotted are the bosonic and sym-
metrized fermionic ground state densities |ψ0|2 and |φ0|2, re-
spectively.
transformations. The oscillatory behavior moves closer
to the origin and becomes more pronounced for smaller
times t. For larger times, t < π/2, the amplitudes and
frequencies of the oscillations become smaller until only
two smooth peaks are left over, similar to the density of
a fermionic ground state. In summary, the overall den-
sity performs a crossover between fermionic and bosonic
characteristics.
Before closer analyzing the dynamics following the
quench, we mention two issues. First, the fact that the
energy expectation value diverges is reflected by the wave
function’s asymptotic behavior. Looking at the asymp-
totic behavior of the error function for large values of
z
erf(g(t)z) ≈ −e
−(g2(t))z2√
πg2(t)
(
1
z
+O
(
1
z3
))
, (11)
with g2(t) = − 12 − i2 cot t. Therefore, Eq. (10) leads
to the asymptotic decay |Ψ0(z, t)| ≈ 1/|z|. Secondly,
calculating the overlap of the initial state ψ0(z) with its
evolution [see Eq. (10)], one arrives at Eq. (9) again.
Next, we determine the temporal evolution of the the
SDM [see Eq. (2)] and its momentum distribution [see
Eq. (3)] in order to distinguish between fermionic and
symmetrized fermionic attributes, which cannot be re-
vealed by the density distribution. Both quantities are
derived for the two-particle wave function Ξ(z1, z2, t),
where we choose the CM-state as the ground-state χ0(Z).
Then, the two-particle wave function reads Ξ(z1, z2, t) =
6Ψ0(z, t)χ0(Z)e
− i2 t, where the trivial phase comes from
the temporal evolution due to the CM-Hamiltonian. The
multiplication of Ψ0(z, t) with the CM state χ0(Z) and
integration over the second particle leads to smooth func-
tions for one-particle quantities such as the SDM as well
as its momentum distribution. Especially, the heavy os-
cillations occurring in Ψ0(t) are smeared out.
We show the SDM for different time instants in Fig. 3.
For small times (see Fig. 3b), we observe that the SDM
recovers the distribution of the initial state, namely the
bosonic SDM ρb(z1, z
′
1) (Fig. 3a). At later times (Fig. 3c-
e), the circular symmetry is broken due to the repulsion
of the bosons, until the SDM at t = π/2 becomes sim-
ilar to the symmetrized fermionic SDM ρsf (z1, z
′
1) (Fig.
3f). We can here see that the temporal evolution of
the wave function exhibits symmetrized fermionic rather
than fermionic character (Fig. 3g). The diagonal of the
SDM, i.e. the single-particle density, is given in Fig. 3h.
It shows the crossover from a bosonic density distribution
(one-centered peak) to a (symmetrized) fermionic density
distribution (two separated peaks) at t = π/2, however
ρsf (z1) is stronger peaked and narrower than ρ(z1, z1, t)
at t = π/2. After t = π/2, the density as well as the
SDM develop back into the initial state and the process
is repeated periodically.
The time-evolution of the momentum distribution (see
Fig. 4) shows a crossover between the bosonic distri-
bution nb(k) and a momentum distribution similar to
nsf (k). Considering half an oscillation period, the fol-
lowing more detailed picture emerges. For short times,
the momentum distribution is very close to the bosonic
one, nb(k). At later times, the momentum distribution
first develops an extended tail for larger momenta, and
then, it approaches a shape, similar to nsf , however, with
a higher and sharper peak at the origin and a more rapid
decay for large k values. After t = π/2 the temporal
evolution of the momentum distribution is reverted until
the full period is elapsed. For large momenta, we ob-
serve that the momentum distribution falls off first pro-
portional to k−2 and then the decay changes to k−4 (see
the inset of Fig. 4).
IV. INTERACTION QUENCH FROM INFINITY
TO ZERO
Let us now perform the above analysis for a reverse in-
teraction quench, namely for κ = ∞ → 0 with an eigen-
state of the TG regime φ2m(z) as the initial state. We
first derive the analytical formulas for the corresponding
solution of the time-dependent Schrödinger equation and
the fidelity. Second, we deduce a closed expression for the
temporal evolution of the ground state as the initial con-
dition. We end with a discussion of the dynamics of the
SDM and the momentum distribution of the ground state
evolution.
A. Quench of arbitrary eigenstates
We have to solve the Schrödinger equation
Hˆκ=0rel |Φm(t)〉 = i∂t|Φm(t)〉 for the initial condition
Φm(z, t = 0) = φ2m(z). The computation of the overlap
integrals, cnm = 〈φ2m|ψ2n〉 is similar to Eq. (6), it is
only the order of the indices which is interchanged.
This in turn implies a different decay behavior for the
coefficients cnm. In a similar fashion to Eq. (8), we find
that the squares of the coefficients fall off with n−
5
2 ,
indicating a converging, i.e. finite energy expectation
value. For the time evolution of the wave function Φm,
we find [for the definition of fm(z, t), see Eq. (7)]:
Φm(z, t) = fm(z, t)
√
2m+ 1
·
∞∑
n=0
(
e−it√
2
)2n
(−1)n(2n− 1)!!H2n(z)
(2n)!(2m+ 1− 2n)︸ ︷︷ ︸
=:Σm(z,t)
, (12)
where we have introduced the abbreviation Σm for the
occurring series.
Knowing Φm(z, t), the overlap L
r
m(t) := 〈φ2m|Φm(t)〉
between the initial state and the corresponding solution
of the time-dependent Schrödinger equation can be cal-
culated. The superscript r is used to indicate the reverse
quench
Lrm(t) =
2
π
(2m+ 1)!!2
(2m+ 1)!
∞∑
n=0
(2n− 1)!!2
(2n)!(2m+ 1− 2n)2
(
e−it
)2n+ 12
=e−
i
2 t
2
π
(2m+ 1)!!2
(2m+ 1)!
· 3F2
(
1
2 ,− 12 −m,− 12 −m; 12 −m, 12 −m; e−2it
)
(2m+ 1)2
.
This expression can be simplified for m = 0, and we find
[in analogy to the derivation of Eq. (9)],
Lr0(t) = e
− i2 t
2
π
(√
1− e−2it + e−it arcsin (e−it)) (13)
In Fig. 5, the absolute values of some of the first few over-
laps Lrm(t) are shown (m = 0, 1, 2, 8, 12). We again ob-
serve that all excited states have almost vanishing overlap
at t = π/2, and only the ground state behaves differently.
For higher m, the fidelities approach a triangular shape.
In that sense, the fidelities for the reverse quench behave
very similarly to the one discussed in section III for the
quench from zero to infinity (c.f. Fig. 1).
The quantum dynamics of the two different quench
scenarios are quite similar, and indeed, there is a mathe-
matical connection between the two time-dependent wave
functions Ψm(z, t) [see Eq. (7)] and Φm(z, t) [see Eq. (12),
especially the definition of Σm(z,t)], namely
Ψm(z, t) =
eit√
2
fm(z, t) ·
(
d
dz
Σm
)
(|z|, t). (14)
7t =0.001
(b)
−2 0 2
−2
0
2
z
1
(h
0 2 4 6
0
0.2
0.4
0.6
t =0.1
(c)
−2 0 2
−2
0
2
t =0.6
(d)
−2 0 2
−2
0
2
t = / 2
(e)
z1
z
 1
−2 0 2
−2
0
2
	b(z1, z


1)
(a)
z
 1
−2 0 2
−2
0
2
f (z1, z

1)
(g)
z1
−2 0 2
−2
0
2
sf (z1, z

1)
(f)
z1
−2 0 2
−2
0
2
b(z1)
t =0.001
t =0.1
t =0.6
t = / 2
sf (z1)
−0.1
0
0.1
0.2
0.3
0.4
0.5
Figure 3. Panels (b)-(f) show the SDM, ρ(z1, z′1, t), at different instants in time t = {0.001, 0.1, 0.6, pi/2}. Panels (a), (f) and
(g) show the ground-states SDMs for ρb(z1, z′1), ρf (z1, z
′
1) and ρsf (z1, z
′
1), respectively. The single-particle densities in the
laboratory frame are shown in panel (h), with ρf (z1) = ρsf (z1).
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Figure 4. Momentum distribution of the time evolution
of the ground state at different instants in time t =
{0.001, 0.6, 1, pi/2}, as well as the momentum distribution of
the ground states nb(k), nf (k) and nsf (k), respectively. The
inset shows the momentum distribution in logarithmic scale.
which has to be compared with Eq. (12) for Φm(z, t).
A derivation of this equation Eq. (14) is given in the
appendix B. We see that apart from the common fac-
tor fm(z, t), Ψm and Φm are connected via integration
(differentiation). Hence, Ψm and Φm are connected in a
similar way as ψ2m and φ2m
8. With the help of this rela-
8 See the recursion relation for the Hermite polynomials.
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Figure 5. Fidelity |Lrm(t)| between the initial state |φ2m〉
and |Φm(t)〉 for various m = {0, 1, 2, 8, 12}.
tion, we derive a closed expression for the time evolution
of the ground state Φ0(z, t) in the next subsection.
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Figure 6. Probability density of the time evolution
of the ground state |Φ0(z, t)|2 at time instants t =
{0.0001, 0.2, 0.7, pi/2}. Also shown are the bosonic and
symmetrized fermionic ground state densities |ψ0(z)|2 and
|φ0(z)|
2, respectively.
B. Time evolution of the ground state
We can find a closed form for Φ0(z, t) by simply invert-
ing Eq. (14) and using the closed form of Ψ0(z, t) [see Eq.
(10)]. The emerging integral of the error function can be
calculated via integration by parts and we obtain
Φ0(z, t) =
√
2
π
1
4
e−
3
2 ite−
z2
2
(
1√
πg(t)
e−z
2g2(t) + z erf (zg(t))
)
(15)
with g(t) = e−it/
√
1− e−2it from Eq. (10). Φ0(z, t) pos-
sesses the same symmetries in space and time as Ψ0(z, t).
Using Eq. (11), we obtain that |Φ0(z, t)| has an asymp-
totic decay proportional to |z|−2.
A crossover between the (symmetrized) fermionic and
a Gaussian shaped density distribution can be seen,
which is stronger peaked at the center and exhibits two
wing peaks in comparison to the bosonic density |ψ0|2. In
contrast to the probability density of Ψ0(z, t) (cf. Fig. 2),
we do not observe any fast oscillations around the origin
since now, the initial condition can be expressed by the
eigenstates of the Hamiltonian in a uniformly converging
manner. The peculiar behavior that have occurred due to
the error function in Ψ0(z, t) [cf. Eq. (10)] is now absent
due to the additional factor z [see last term in Eq. (15)].
Since at t = 0, the exponential term e−z
2g2(t) vanishes
and the error function approaches the sign-function, the
wave function properly accounts for the initial condition.
Using the framework described in section II, the SDM
is obtained numerically [by using Eq. (15) and choosing
the ground-state χ0(Z) for the CM-coordinate] and is
shown in Fig. 7 for different instants in time. We ob-
serve that the initial symmetrized fermionic distribution
attains an increasing elliptical symmetry at later times t.
The two initial maxima merge with each other and form
a new, single maximum, centered at the origin leading
to a state similar to the bosonic one ρb(z1, z
′
1) (see Fig.
7f). The single-particle density is given in Fig. 7h and
shows a transition between the shapes of the symmetrized
fermionic and the bosonic density.
The momentum distribution on the other hand, be-
haves quite differently (see Fig. 8). We identify a tran-
sition between the initial state nsf (k) and the fermionic
momentum distribution nf (k). The maximum value at
the origin slowly decreases and a new maximum at a
higher value of k emerges.
V. MULTIPLE INTERACTION QUENCHES
In this section, we consider double interaction
quenches: In the first scenario (a), the initial wave func-
tion ψ2m is quenched from κ = 0 → ∞ at t = t0 = 0,
yielding Ψm, and after some time t = t1 a quench back to
the non-interacting regime takes place. The correspond-
ing solution of the time-dependent Schrödinger equation
shall be denoted as Ψdoublem . In the second scenario (b),
we start with the initial state φ2m, an eigenstate in the
TG-regime, and quench it to the non-interacting regime,
yielding Φm. At time t = t1, the reverse quench κ = 0→
∞ is applied and the dynamics is governed by the cor-
responding solution of the time-dependent Schrödinger
equation being labeled by Φdoublem . These scenarios are
sketched in figure 9.
We start with the double-quench scenario (a). In order
to calculate the time evolution |Ψdoublem (t, t1)〉, we insert
Eq. (7) into the general time-evolution of |Ψdoublem (t, t1)〉
[c.f. Eq. (4)].
|Ψdoublem (t, t1)〉
=
∞∑
k=0
e−iE2k(t−t1)|ψ2k〉〈ψ2m|Ψm(t1)〉 (16)
=
∞∑
k=0
e−iE2k(t−t1)|ψ2k〉
∞∑
n=0
e−iE2n+1t1〈ψ2k|φ2n〉cmn
=
2(−1)m
π
(2m− 1)!!√
(2m)!
∞∑
k=0
(−1)ke−iE2k(t−t1) (2k − 1)!!√
(2k)!
|ψ2k〉
· e− 32 it1 3F2
(
3
2 ,
1
2 − k, 12 −m; 32 − k, 32 −m; e−2it1
)
(2k − 1)(2m− 1)
where we have expressed the sum over k in terms of
the generalized hypergeometric functions. When look-
ing at the absolute value of the overlap between the
initial state and the corresponding solution of the time-
dependent Schrödinger equation for time instants t > t1,
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Figure 7. The time evolution of the SDM for the initial ground state at different instants in time t = {0.001, 0.6, 1.1, pi/2},
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|〈ψ2m|Ψdoublem (t, t1)〉|, we find that it only depends on the
time instant t1 at which we perform the second quench
back to the initial non-interacting regime, and not on
the actual time t. This quite general feature can be
seen directly by projecting Eq. (16) onto |ψ2m〉 and using
〈ψ2m|ψ2k〉 = δm,k
∣∣〈ψ2m|Ψdoublem (t, t1)〉∣∣ =
∣∣∣∣∣
∞∑
k=0
e−iE2k(t−t1)δk,m〈ψ2k|Ψm(t1)〉
∣∣∣∣∣
= |〈ψ2m|Ψm(t1)〉| = |Lm(t1)|
In particular, the absolute values of the overlap is the
same as for the κ : 0 → ∞ quench (see section III),
except that it does not depend on t but exclusively on t1.
Thus, once the second quench is conducted, the absolute
value of the overlap remains constant.
Focusing on scenario (b), a similar procedure can be
applied to express Φdoublem analytically:
|Φdoublem (t, t1)〉 =
∞∑
k=0
e−iE2k+1(t−t1)|φ2k〉
∞∑
n=0
e−iE2nt1cnkcnm
=
2(−1)m(2m+ 1)!
π
√
(2m+ 1)!
∞∑
k=0
e−iE2k+1(t−t1)
(−1)k(2k + 1)!√
(2k + 1)!
|φ2k〉
· e− i2 t1 3F2
(
1
2 ,− 12 −m,− 12 − k; 12 −m, 12 − k; e−2it1
)
(2k + 1)(2m+ 1)
and we get the constant absolute value of the overlap
|〈φ2m|Φdoublem (t, t1)〉| = |Lrm(t1)|.
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Figure 9. Double quench scenarios as discussed in the main
text.
VI. CONCLUSION
In this work, we have investigated the quantum dy-
namics of two bosons following an interaction quench
from both zero (non-interacting regime) to infinity
(Tonks-Girardeau regime) and from infinity to zero. The
interaction potential has been modeled by a contact in-
teraction.
We have established analytical expressions for the
two-body time-dependent wave functions and fidelities
(Loschmidt echoes) for both quench scenarios, taking ar-
bitrary (bosonic) eigenfunctions of the initial Hamilto-
nian as initial states. Therefore, the dynamics of a gen-
eral initial wave packet can be studied by investigating a
corresponding superposition of these eigenfunctions’ dy-
namics.
For the ground state, we have found closed expressions
for the dynamical evolution of its wave function. The
corresponding temporal evolution of the reduced single-
particle density matrix as well as the momentum distri-
bution have been calculated on basis of this wave func-
tion. We have observed a characteristic crossover in these
quantities between bosonic, symmetrized fermionic as
well as fermionic behavior. Additionally, we have shown
that in the course of the time evolution excited states be-
come almost orthogonal w.r.t. to the initial state at half
an oscillation period, t = π/2, which is a behavior that
the evolution of the ground state does not exhibit.
Although there are many similarities between the
quench from zero to infinity and the reverse quench,
there is one striking difference between them: For the
reverse quench, the energy expectation value remains fi-
nite whereas it diverges for the quench into the Tonks-
Girardeau regime.
Knowing the analytical expression for single quenches,
we have studied double quench scenarios: From the non-
interacting to the TG regime and then back to the non-
interacting regime, and vice versa. In doing so, we have
established closed expressions for the fidelity (Loschmidt
Echo).
Apart from the insight into the problem’s peculiari-
ties and the gained intuition, our solutions can be used
as a time-dependent correlated two-particle basis which
could serve as a starting-point for numerical calculations
or perturbative treatments of more complicated bosonic
many particle systems.
The here presented framework can be used to evaluate
the dynamics of two bosons in three dimensions following
an interaction quench, where the interaction is modeled
by the regularized contact interaction assuming s-wave
scattering. The occurring three-dimensional overlap in-
tegrals can be linked to the overlap integrals evaluated in
this work: the overlap integrals resulting from an inter-
action quench from zero to infinity in three dimensions
can be linked to the one-dimensional overlap integrals re-
sulting from an interaction quench from infinity to zero,
and vice versa.
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Appendix A: Derivation of the closed expression for
Ψ0(z, t)
Here, we derive the closed expression for the wave func-
tion Ψ0(z, t) given in Eq. (10). Inserting m = 0 into Eq.
(7) and using the relation H2n(0) = (−1)n2n(2n − 1)!!,
we can write the time evolution of the wave function as
Ψ0(z, t) = e
− i2 t
2
π
3
4
e−
z2
2
∞∑
n=0
(
e−it
2
)2n+1
H2n+1(|z|)H2n(0)
(2n+ 1)!
(A1)
In order to apply Mehler’s formula,
∞∑
n=0
Hn(x)Hn(y)
n!
(u
2
)n
=
1√
1− u2 e
2xyu−(x2+y2)u2
1−u2 ,
(A2)
we transform the first Hermite polynomial by using
the recurrence relation ddxHn(x) = 2nHn−1(x) and
H2n+1(0) = 0:
d
dx
∞∑
n=0
(u
2
)2n+1 H2n+1(x)H2n(0)
(2n+ 1)!
=2
∞∑
n=0
(u
2
)2n+1 H2n(x)H2n(0)
(2n)!
=u
∞∑
n=0
(u
2
)n Hn(x)Hn(0)
n!
=u · (1 − u2)− 12 e−x2 u
2
1−u2 . (A3)
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where we have used x = |z| and u = e−it. Next, we
integrate w.r.t. x yielding the closed form [see Eq. (7)]:
Ψ0(z, t) = π
− 14 e−
i
2 te−
z2
2 erf
(
|z| e
−it
√
1− e−2it
)
(A4)
The above calculations have to be considered critically:
Not only do we operate on the radius of convergence of
Mehler’s formula (which holds for u ∈ C and |u| < 1), we
also interchange the differentiation and summation to get
from Eq. (A3) to Eq. (A4). We can show that the wave
function (A4) fulfills the Schrödinger equation for t > 0
and is normalized to one. Therefore, we know that the
closed form (A4) is correct if it converges to the initial
condition at t = 0. Taking the limit t→ 0 first, the wave
function approaches the initial Gaussian (since then, the
error function approaches 1), however, taking first z → 0
and then t → 0, the wave function (A4) vanishes at the
origin and violates the initial condition.
Appendix B: Derivation of the relation between
Ψm(z, t) and Φm(z, t)
In order to prove the relation between the wave func-
tions Ψm [see Eq. (10)] and Φm [see Eq. (15)], which is
mentioned in Eq. (14), we differentiate the series Σm(z, t)
from Eq. (12) as well as interchange differentiation and
summation, leading to
d
dz
∞∑
n=0
(
e−it√
2
)2n
(−1)n(2n− 1)!!H2n(z)
(2n)!(2m+ 1− 2n)
=
∞∑
n=1
(
e−it√
2
)2n
(−1)n(2n− 1)!!(4n)H2n−1(z)
(2n)!(2m+ 1− 2n)
=
√
2e−it
∞∑
n=0
(
e−it√
2
)2n+1
(−1)n+1(2n− 1)!!H2n+1(z)
(2n)!(2m+ 1− 2(n+ 1))
(B1)
In the last step, we changed the summation index from
n to n−1. Comparing Eq. (B1) to the series for Ψm(z, t)
[see Eq. (7)], we see that they are identical, except for
the missing absolute value in the Hermite polynomial’s
argument. Thus, Eq. (14) is proven.
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